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306 PROBLEMS AND SOLUTIONS. 

Let p = Be'. We then have, after some simplification, 






Whence, multiplying both sides by 2dz, and integrating, we have 



Hence, 
and 






dz^ ^ VCi^ - (e' - e-')" 
de e' — t-' 

Using the + sign, we have 

, _ (e' - i-')dz je' - t-')dz 



Whence, on integration, we have 

9 + C. = sin-' ( ''Jitl ) , 



or 



6' + 6-' = VCi» + 4 sin (9 + Ca) = 2C sin {6 + d), 

where 

2C = VCi^ + 4. 

Replacing t' by p/i2 and simplifying, we have 

P» - 2Cfip sin (9 + C2) +B? = Q. 

Transforming to rectangular coordinates, we have 

«« + 2/2 - 2CR SLQ C2X - 2Ci? cos Cy + I? = 0, 

the equation of a circle orthogonal to the circle x^ + y' = B^. 

380. Proposed by C. N. SCHMALL, New York City. 

Show that 

ffl . 1 . 1 . Irf ^^ 

Jo lii + x^'^2* + x^'^3* + x''^ J 12 

where the series in the brackets is infinite. 

Criticism on the solution published in the January, 1916, Monthly, page 23, 
by T. H. Gkonwall, New York City. 

The solution as published is open to criticism, inasmuch as the integrability term by term 
of a uniformly convergent series is assumed for an infinite interval of integration. Now the 
familiar argument runs thus: 

00 N 

S{x) = ■$ Sn{x) = SiSnix) + Rn{x), 

1 1 

N an integer, | Rn{x) \ < « uniformly for a ^ a; ^ 6, e arbitrarily small, and N sufficiently large 
(iV ^ iV^o(«)) ; whence 

J S{x)dx—%J s„(x)dx\ = \j RN{x)dx\ < e{f) — a), 



PEOBLEMS AND SOLUTIONS. 307 

from which the term by term integrability of S(,x) follows when a and 5 are finite. The above 
inequality has, however, no sense when 6 = «, so that the term by term integrability in an 
infinite interval demands further investigation. If one does not want to invoke general theorems 
in this direction, such as are given, for instance, in Bromwich's Infinite Series or de la Vallee 
Poussin's Cow d' Analyse, one may proceed as follows in this problem. 
Let 

be uniformly convergent for x^O; then the term by term integration in the finite interval 
^ X g a is legitimate: 



£ 



S(x)dx = S 5 arctan -j 



?J2 



Now arctan (o/n^) < (7r/2) and all the terms of the right-hand series are positive; hence, for any 

S -; arctan —.<J„ Six)dx < ^2 -„ . 
Letting a tend toward infinity, while keeping N fixed, we find 

and finally letting N tend to infinity, 

J 'CO TV ^ X ir^ 

This point, that great caution should be exercised when inverting summation and integration in 
an infinite integration interval, or when the integrands may become infinite between the finite 
limits of integration, appears to me to be all the more important as the treatment of such questions 
in the current calculus textbooks is exceedingly inadequate. 

393. Proposed by LAENAS G. weld, Pullman, LI. 

Find the area of the least ellipse which can be drawn upon the face of a brick wall so as to 
inclose four bricks. 

II. Solution by Feank R. Moeeis, Glendale, Calif. 

In this solution the bricks are considered laid as in practical work. 

Consider two of the bricks placed end to end in the same layer, a third in the layer above with 
its middle at the joint of the first two, and the fourth similarly placed in the layer below. Select 
as the origin the mid-point of the joint between the two bricks in the same layer and choose the 
X-axis parallel to the layers. Let the equation of the desired ellipse be 

t^t = 1 
a' "^ 62 

Since the four quadrants are symmetrical, it wiU be suflScient to consider the first one only. 
Call the upper, right-hand comer of the uppermost brick A and the corresponding comer of right- 
hand brick of the middle layer B. Let m represent the length of a brick and n its thickness. The 
ellipse will obviously pass through .4 or B or both. If it passes through A, whose coordinates are 
(m/2, 3n/2), the equation is 

(my /3ny 

Whence, 

San , , , . Sirahi 

and the area too is 



>/4a2 - m? ' -s/4a2 



